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One Slider

@ We have seen how to engineer features from graphs for capturing structural
patterns

@ We have also seen how to learn node embeddings from graphs

@ Graph Neural Networks (GNNs) maintain a vector representation for each node
and repeatedly update it using the embeddings of neighboring nodes

@ Multiple rounds of message passing allow GNNs to capture graph patterns

@ Since all computations are differentiable, the entire model can be trained
end-to-end using gradient-based learning

@ However, graphs introduce unique challenges: scaling to large graphs,
constructing mini-batches, over-smoothing, and over-squashing
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Module Goals

Learn the general anatomy of message-passing GNNs

Get a taste of GNN expressiveness analysis via the Weisfeiler-Lehman test
Study some famous GNN architectures

Learn how GNNs incorporate heterogeneity

Familiarize with common learning challenges of GNNs

Learn graph mini-batching for GNN learning

Familiarize with the deep-learning approach to large-scale link prediction
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Outline

@ General Shape of a Message-Passing GNN
@ Definition
@ Expressiveness
@ Specific MPNN Architectures

© Heterogeneous MPNNs
@ Directed MPNNs
@ Heterogeneous MPNNs
@ Specific Heterogeneous Architectures

© Pragmatic Aspects of GNNs
@ Learning Anomalies
@ Sub-Sampling and Mini-Batching
@ Scaling Link Prediction
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General Shape of a Message-Passing GNN Definition
Expressiveness

Specific MPNN Architectures

Setup

@ In this and the next part, we assume an undirected featured graph (V, E, X)
where X : V — RY

o We denote the vector X(v) as x,

o We generalize to hetero-graphs in the next section
@ With a slight abuse of notation, we view X as a matrix in RIVIx9
e We denote by A the (symmetric) adjacency matrix of G

o Hence, A € {O,l}llelV|

o We assume that A corresponds to an ordering vi,...,v, of V
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Specific MPNN Architectures

Abstraction of a Graph Architecture

@ A graph architecture can be conceptualized as a function Fy ¢ that:
e Takes as input:

o A featured graph G = (V, E, X) with the feature dimension d
@ An assignment of values to its sequence 0 of parameters

o Produces a matrix Y € RIVI*k that associates a result y, for every node v

@ Hence, we focus on multivariate node regression tasks where the goal is to map
every node to a vector

o As the special case of k = 1, map each node to a number: node regression task

@ We sometimes mention graph-level tasks, where the goal is to produce a single
vector for the entire input

@ By setting the parameters to learned values, we get a specific graph model

@ As notation, we omit the specification of d and write F(G; 0)
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An Algebraic Notation

l

@ To leverage DNN learning machinery, we typically use the matrix representation of
G, that is, (A, X)

@ Hence, we can write F(A, X; 0) instead of F(G;8), adopting a full algebraic
notation
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Starting with a Bad Suggestion

@ Suppose that one suggests a graph model in the form of

F(A,X;0) = MLP(Ay, ..., Apx1,... % 0)

where A; is the ith row of A
e What are the problems with this suggestion?
@ The MLP cannot have a varying number of inputs; how do we generalize across
graphs?
@ The MLP is sensitive to the ordering of the nodes — if we reorder the nodes and
reapply the model, we will get a different result for v!

© Also, it is not at all clear how the MLP is utilizing the core structure of the graph,
namely, the edges and neighborhoods

@ In particular, how is the MLP expected to know that x; is the feature vector of a
neighbor v; of v;? From the content of A;?
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Node Reordering

@ Let us phrase sensitivity to node ordering more formally

e A permutation over V is a bijection 7 : {1,...,n} — {1,..., n}, representing a
reordering of (vi,...,vyn), namely (vr(1), .-, Vr(n))

@ The adjacency matrix A that corresponds to reordering 7 is obtained from the
original A permuting the rows and columns according to m, that is:

A, :=PAP'

1 ifn(i) =

for the permutation matrix P defined by P; ; := )
0 otherwise

@ Similarly, the permuted feature matrix X, is PX
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~ Permutation and Equivariance

Returning to our desired function F(A,X;0), we can think of two relevant properties
e Permutation invariance: F(PAPT,PX;80) = F(A,X;6)
o We typically want this for graph-level tasks, not node-level tasks!
o Permutation equivariance: F(PAPT PX;0) = PF(A,X;0)
e This is what we want!
@ We will discuss models that are all equivariant
o It will usually be clear from the definition (but sometimes may require more thinking)
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Intuition on MPNNs

@ The idea of a message-passing is to compute a value h, for each u as follows

@ We start with the value h, = x,
@ Then, each u collects the values h, of its neighbors v and uses them to update h,

@ Hence, the value of a node accounts for the value of its neighbors
© Next, each node u collects the updated values h, of its neighbors v, and again uses
these values to update h,
@ Hence, the value of a node accounts for its entire 2-hop neighborhood
© And so on, for a predefined number ¢ of steps
@ Hence, the value of a node accounts for its entire {-hop neighborhood

@ To assure that the resulting function is equivariant, we make sure to collect data
from the neighbors in a way that is insensitive to the ordering of the neighbors
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[llustration of an MPNN Layer
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[llustration of an MPNN Layer
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[llustration of an MPNN Layer

StructML Course Module 5: Message-Passing Graph Neural Networks 16 /98



General Shape of a Message-Passing GNN Definition
Expressiveness

Specific MPNN Architectures

Message Functions

o Let {u, v} be an edge

@ A message function is a function M : R29 _y R that transforms the values x,,
and x, of u and v, respectively, into a message M(x,,x,)

o If G has edge features x € R, then these are taken as well into account to
create the message M(xy, Xy, X{y 1)

o Hence, M : R2d+de _y Rdm
o As usual, we will assume that there are no edge features, unless stated explicitly
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~ Message-Passing Layer

A message-passing layer is a function A(G, u) that transforms the feature vector x,, of
the node u into a new vector by combining messages from its neighbors:

NG, u) = U(Xu,(lt<{{M(xuaxv) |ve N(“)H’))
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Expressiveness

Specific MPNN Architectures

| 3 Functions

NG, u) = U(xu,a({{l\/l(xu,xv) |ve N(U)}))

o M :R?? - R is a message function
@ «is an aggregation function that maps the bag of all neighbor messages in R
to a single aggregated message in RY'
e Using bags assures that aggregation functions are insensitive to the input ordering
o U:RI 5 R isan update function that computes an updated value for u,
based on the previous value and the aggregated message
o Typically, d = d’, so U : R2d — R9"
@ We will say that this message-passing layer is a d — d” layer

e That is, we start with node embeddings of dimension d and end up with node
embeddings of dimension d”
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Parameters

e Each of the three functions has parameters (that we omit in the presentation)
@ As usual, we assume that no parameters are shared among the three
e Or among different layers, as we define next

@ Note: the three functions, along with their parameters, are shared among all nodes
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Message Passing Neural Network

e A message-passing GNN (MPNN) is a chain of dx_1 — dix message-passing
layers, for k =1,...,¢, where dy = d is the dimension of the source node features

hE,O) =Xy € R
h(K) .= () (h(f*”,(1<k>({M(k>(h(f*1),h(kal)) Ive N(u)}})) c R%
@ We sometimes use m to denote the aggregated message:
m{K) .= (}a(k)({{l\/l(")(hf,k_l),hf,k_l)) |ve N}

@ Hence, hf,k) = U(k)(hgkfl),mf,k))
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[llustration of a 2-Layer Simple MPNN

|

TARGET NODE

.J AGGREGATE

INPUT GRAPH

[Hamilton, 2020]
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The Qutput Layer

@ In our definition, the result is the output of the last layer, namely hf,e) forallue VvV

@ For node-level tasks, it is common to have an additional decision layer
(a.k.a. output layer), such as

Softmax(MLP(h{))

for multi-class classification

@ For graph-level tasks, the decision layer typically involves a readout layer that
aggregates all node embeddings into a graph-level prediction, e.g.,

Softmax(MLP(a.(H(®)))
@ Later, we also discuss link-level tasks
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Additional Notes about the Definition

@ Since a GNN is a learned DNN, we assume that all functions are differentiable

@ We assume that no parameters are shared between layers, unless explicitly stated
otherwise

@ When there are edge features, the definition is as follows:

{2 = 0 (D, ol (MO0 RED () | v e N(w)D))

o (The GNN does not update edge values)
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Numerical Representation

In DNN formalism, an MPNN is a special case of a Graph Neural Network (GNN) of
the form:

HO .= X
HK) .— f(k)(A7H(k_1); g(k))

where each (%) is an equivariant function

@ That is, for every permutation matrix P it holds that

fFOPAPT,PH; 0 =P . f(A H; 8()
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Special Case: Simple MPNNs

l

@ The literature often focuses on a simple class of MPNNs
e And often defines MPNNs as this class, to begin with

@ In this class, message function simply copies the value of the neighbor:

M(xy,x,) = x,

e In particular, without accounting for the value of u
o For example, the aggregated message is the average of the neighbor messages
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Definition of a Simple MPNN

l

hE,O) =x, €R®

h() .= yk) (h(f—l),a(k)({{h(f—” lve N(u)}})) ER% for k=1, -4

h(l<+1)

Av)
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WL on Featured Graphs

|

@ Recall the WL (more precisely, 1-WL) on non-featured graphs:
Q Initialize ko(u) =0 forall u e V
Q Foralli=1,... k, forall ue V do:
ki(u) = HasH(kj—1(v), {ri-1(v) | v € N(u)})

@ We also adopt 1-WL to featured graphs

@ To this aim, we assume that all features are integers, that is, X € 7IVIxd

@ Initialize ro(u) = Hast'(x,) for all u € V
@ Foralli=1,... k, forall ue V do:
ki(u) = HasH(kj—1(u), {ri-1(v) | v € N(u)})

o Here, HasH' : Z9 — N is a perfect hash function
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MPNNSs Cannot Distinguish what WP Cannot Distinguish

Theorem ([Morris et al., 2019])

Let T be a simple MPNN. Let v and v’ be two nodes of a graph G. If 1-WL assigns to
v and v’ the same color after { steps, then I assigns to them the same value over {
layers.

In other words, if k¢(v) = Kke(V'), then h() — hsﬁ)_

In particular, if WL thinks that two graphs G; and G, are isomorphic, then the MPNN
constructs the same matrix h(®) up to a permutation [Xu et al., 2019]
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Simple MPNNs Can Simulate 1-WP

|

Theorem ([Morris et al., 2019])
For every graph G, there is a simple MPNN T with message-passing layers of the form

h{) = ReLU | W{R{ D +wi? S {4 p®
veN(u)

such that the following holds for all ¢ € N. For every two nodes v and v/, WL assigns

to v and v/ the same color after ¢ steps if and only if T assigns to them the same value
(6) _ h®
V)=

v/

over [ layers, that is, k¢(v) = k¢(V') if and only if h
v
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Examples of Failures

44 4 B
S

https://ai-scholar.tech/en/articles/gnn/GD-WL

Nodes with the same color will get the same value in every MPNN
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Notation

In the following slides, we use the following notation for a node u:
o N(u) := N(u)U {u}, that is, the neighborhood of u, including u itself
o deg(u) := |N(u)| = deg(u) + 1
e D is the diagonal matrix with D; ; = deg(v;)
e D is the diagonal matrix with [A),-,,- = dég(v,-), thatis, D=D +1
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Graph Convolutional Networks

o ldea: Update via a linear transformation, normalized by node degrees

e Used for avoiding exploding gradients
o [Kipf and Welling, 2017, Schlichtkrull et al., 2018b]

@ Node centric:

hff‘) =0 Z L
e/ (deg(u)) - (deg(v))

where o is a (pointwise) activation function

Rt wi)

o Matrix-multiplication form:

H(K) — U(ﬁf% A-D-3.HKD .W(k))

where: A = A+1
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Graph Attention Networks (GAT)

@ Idea: each neighbor gets a different coefficient (attention) of a weighted average,
based on its value [Velickovic et al., 2018]

e Formally: h() = U(ZVeN(u) alf) - wik. h(vk71)>

o W) is a weight matrix (of learned parameters)
o WK . b1 serves as the value of the node v
° af,k‘), is the attention that u pays to v, defined next

(k)

@ As in the usual attention mechanism, the o, are defined as a Softmax
o Let N(u) ={vi1,...,Vn}; then:

a&k\),l e ,af,k) } := Softmax (ef,“)

sVm

(k)

where e}, ’ is defined next:
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Additive Attention Coefficient

@ Unlike the common multiplicative attention coefficient that we learned, eflk\)/, is
defined in an additive manner

@ Specifically:

[ef,lf\),l, e e(,ff\),m] =

LeakyReLU (a0 [w(n{ )« WiOR( V], wIn Y & win(; )

o Here, N(u) = {v1,...,vm}

e Recall: & is the concatenation operator

o ak) is a weight vector (of learned parameters)
o Rather degenerated version of attention:

o W®h,, serves as both the query and the key of v/
o Same weight vector W) for the queries, keys, and values
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Multi-head GAT

@ A multi-head version is defined similarly to the ordinary multi-head attention

)

@ In this case, hf,k is the concatenation of h functions:
k k k
0w ol

(k)

iu

where each h:"/ is defined using its own W,(-k) and agk)
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Experiments from the GAT Paper (Publication Datasets)

Method Cora Citeseer Pubmed

MLP 55.1% 46.5% 71.4%

ManiReg (Belkin et al., 2006) 59.5% 60.1% 70.7%

SemiEmb (Weston et al., 2012) 59.0% 59.6% 71.7%

LP (Zhu et al., 2003) 68.0% 45.3% 63.0%

DeepWalk (Perozzi et al., 2014) 67.2% 43.2% 65.3%

ICA (Lu & Getoor, 2003) 75.1% 69.1% 73.9%

Planetoid (Yang et al., 2016) 75.7% 64.7% 77.2%

Chebyshev (Defferrard et al., 2016)  81.2% 69.8% 74.4%

GCN (Kipf & Welling, 2017) 81.5% 70.3% 79.0%

MoNet (Monti et al., 2016) 81.7+0.5% — 78.8 +£0.3%
* Same #ftrs GCN-64* 814 +05% 709+05% 79.0+0.3%
* Same depth (2) GAT (ours) 83.0+0.7% 725+0.7% 79.0+0.3%

2 layers, 8 attention heads, single attention head for the second, 8 features
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Graph Isomorphism Networks

@ GIN [Xu et al., 2019] are inspired by the WL test

o Replacing the input of HASH with a sum
o Replacing HASH with an MLP

h(uk) — MLP®) (1+ 6(k)) h(uk—l) I Z h(vkq)
veN(u)
@ Theoretically, such a function (with some parameters) can have the separation
power of 1-WL [Xu et al., 2019]

e Using fact that MLPs can approximate any permutation-invariant function due
to [Hornik et al., 1989]

@ They show that GIN has good performance on classification, already for a
one-layer MLP (i.e., a perceptron)
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Experiments from [Xu et al., 2019]

Definition
Expressiveness
Specific MPNN Architectures

Datasets

Baselines

GNN variants

Datasets IMDB-B  IMDB-M RDT-B RDT-M5K COLLAB  MUTAG PROTEINS PTC NCI1

# graphs 1000 1500 2000 5000 5000 188 1113 344 4110

# classes 2 3 2 5 3 2 2 2 2
Avg # nodes 19.8 13.0 429.6 508.5 745 17.9 39.1 255 29.8
WL subtree 738+39 509+38 81.0+31 525+21 789+19 904+57 750+ 3.1 599+43 860+18"
DCNN 49.1 335 - - 521 67.0 613 56.6 62.6
PATCHYSAN | © — 0 vs. 71.0+22 452+£28 863+16 49.1+£07 726+£22 926+42* 759+28 60048 78.6+1.9
DGCNN learned & 70.0 47.8 - - 73.7 858 5.5 58.6 74.4
AWL 745+59 515+£36 879+25 547+£29 739+19 879+98 - - -
SUM-MLP (GIN-0) 751+£51 523+£28 924+25 575+15 802+19 894+56 762+28 64670 82.7+17
SUM-MLP (GIN-¢) 743+£51 521+£36 922+23 570+17 801+19 89.0+6.0 759 +38 637+82 827+£16
SUM-1-LAYER 741+50 522+24 900+27 551+16 80.6+19 90.0+8.8 762+26 63.1+57 8.0=*15
MEAN-MLP 737+37 523+£31 500+00 200+00 792+23 835+63 755+34  66.6+69 80.9+18
MEAN-1-LAYER (GCN) 740+34 51.9+£38 500+00 200+£00 790+18 856+58 76.0+32 642+43  80.2+£20
MAX-MLP 732+58 51.1+£3.6 - - - 84.0+6.1 760+32 646+102 77.8+13
MAX-1-LAYER (GraphSAGE) 723 +5.3 509 £2.2 - - - 85176 759+32  639+77 T77.7+£15

Classification tasks over bioinformatics and social network datasets [Xu et al., 2019]
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Options for MPNNs on Directed Graphs

l

@ Recall the definition of the message-passing layer for undirected graphs:
h() .= g (hgk_l),mg,k)) where  m!) = a(k)({{hg,k_l) | ve N}

@ What do we do when G is directed?

@ Several options [Rossi et al., 2023]:

o MPNN-U: Ignore the directions
e MPNN-D: Let messages flow only in the edge direction

o Dir-GNN: Use two m{)s—one for each direction (described next)
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~ lllustrating the Difference on a Social Network (Follows)

MPNN-U: MPNN-D: Dir-GNN:

[ 4 o [ 4

[ 4 [ 4 o

¢ dh dh —
T~ \ T~

MP does not distinguish No messages are sent from Messages come from both
between “follows” and neighbors who are followed types while distinguishing
“followed-by" between the two
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Dir-GNN is the Way to Go

@ Recall:

e The GNN collects information along connections to come up with a good prediction
o Edge directions express some intrinsic semantics of the connection in our data

@ Unlike MPNN-D, we should account for edges regardless of their direction
e No reason to think that an MPNN can benefit from only one direction
@ Unlike MPNN-U, we should account for the direction itself, as its intrinsic
semantics may be quite informative for our prediction

@ Dir-GNN seem like the way to do
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Formal Definition of a Dir-GNN

@ Use a proprietary message function for each direction:

B (u) =M 0D 0Dy v e v ()}
Be(u) ={MBO (D i) v e N (u)}
o Then: h{¥) .= Yyt (hgk_l), alk) (B (uv), B<_(u)))

@ Note that a(k)(-, -) aggregates the two input bags into a single vector

@ In the next part, we will extend this approach to incorporate both directions and
labels
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Relational Learning

Transactions Products

Products < Transactions [ [ [ [ [ ][]

-
ProductID TransactionlD «
-
Description ProductiD g
Training Table Imege) T -
90-day Target Size CustomerlD Customer Training Table
UseriD .--. ...
e (] Customers Price
-
SeedTime Y
CustomeriD
Name —t )
(a) Rel. Tables with Training Table (b) Entities Linked by Foreign Keys
A
18, I
[T AL
- _ 3
& A
*

{)

-
atmy

(c) Relational Entity Graph (d) Graph Neural Network

[Fey et al., 2024]
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Recalling Hetero-Graphs and Schemas

@ A hetero-graph schema is a tuple (L, Le, M, ) where:

R —Ea— > o L, is a set of node labels
2 3 4 o L. is a set of edge labels

Sch . .
chema o M: L, — L, x L, maps every edge label into a pair of
node labels
Hetero-Graph e §: L, = Nis a dimension function

@ A hetero-graph G = (Ly, Lg, V,E, ), d, X) over the
schema (L, Le, d, M) satisfies:
° L\/:Lvand LEII_e
o Every edge (u, 1, v) is such that M(7) = (A(u), A(v))
(0.3,2.1,3.3) e d=94
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Heterogeneous MPNN

@ Importantly, a hetero-MPNN is designed for graphs of a specific hetero-graph
schema (Ly, Le, M, 6)

@ In particular, labels and their dimensions are consistent among graph instances
(including those used for training/validation /testing)

@ Main uses cases: relational databases, knowledge graphs
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Enriching Edge Labels

@ Let 7 € L. be an edge label with M(7) = (p1, p2)

o We say that 7 is an outgoing edge label of p; and an incoming edge label of pa

o If AM(u) = p1, then we denote by N_,(u) the set of outgoing neighbors of u via
T-labeled edges

o If A(u) = p2, then we denote by N. . (u) the set of incoming neighbors of u via
T-labeled edges

o We denote by LS the enriched label set {—7 |1 € L} U{«7 | T € Le}

o If 7' € LY is such that N./(u) is not defined above (i.e., the label of u does not
match 7'), then we use the convention of N,/ (u) = ()

e We will define hetero-MPNNSs using the enriched label set L rather than the
original Le

StructML Course Module 5: Message-Passing Graph Neural Networks 52/98



Directed MPNNs
Heterogeneous MPNNs Heterogeneous MPNNs
Specific Heterogeneous Architectures

Hetero-MPNN Message Function

@ A hetero-MPNN uses a unique message function for each incoming and outgoing
edge label of u

Bor(u) =M M 0D) v e v (u)}
Ber(u) ={MO(hD YY) v e N (u)}

@ In other words, for each 7" € L we define:
Byo(u) = MM D) [v e M)}

@ Note: this is equivalent to adding to G the reverse edge labels and edges, and
considering only incoming (or outgoing) edges for message passing (MPNN-D)
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Hetero-MPNN Aggregation Function

e We aggregate and update with parameters specialized for A(u):

k k k—1 k
b9 = i) (hY, o0 (B4 (), . Bry(w) )

for a predefined ordering 7,..., 7, of L&
@ Note 1: ag\l&) aggregates its input sequence of bags into a single vector

e Note 2: if u; and wp are such that A(u1) = A(u2), then hs,lf) and hf,’;) are defined
using the exact same functions
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Relational GCN (R-GCN)

An adaptation of GCNs to heterogeneous ( “relational”)
graphs [Schlichtkrull et al., 2018a]:

h() == o [ WOR(D 4 $° Z w(f) Y
T'ely veN_,
Regarding the normalization factor N/ (u):

e We do not encounter division by zero when N,/ (u) is empty, since we do not reach
the division in the summation in that case

@ The authors discuss the option of learning a normalization factor ¢,/(u) instead of

[N (u)]
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Heterogeneous Attention Network (HAN)

@ Two levels of attention mechanisms
to update h ( ) from the h (k b.

° Node—level: For each Iabel e L,
attention layer (weighted average)
z, , over all neighbors v € N.(u)

o Layer specialized to 7’
e Semantic level: Build an attention
over the z'; , for all 7/ € LY
@ Strengthening:
o Multi-head attention

2019] o Looks beyond edges into paths
using meta-paths (next)

[Wang et al.,
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Recalling Meta-Paths

e A meta-path ® over (L, Le, M, d) is a sequence of the form

T1 2 Tk
00— 01— 02...0k_1— Ok
where:
e Each o;isin L,

e Each 7 isin L
o M(7;) = (0i—1,0i) or M(1;) = (0j,0i—1) fori=1,...,k
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Enriching a Hetro-Graph with Meta-Paths

@ The ®-neighborhood of a node u, denoted Ny (u), is the set of all nodes v that
can be reached through a path u = vy, v, ..., vx = v that conforms to ®
@ Architectures that utilize meta-paths (such as HAN):

e Have a predefined set ® of meta paths
o Traverse all relevant ®-neighborhoods, where ® € ® rather than only the immediate
neighborhoods connected by edges
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The Bigger HAN Architecture

(a) Node-Level Attention (b) Semantic-Level Attention (c) Prediction

[Wang et al., 2019]
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Heterogeneous Graph Transformer (HGT)

HGT [Hu et al., 2020] is also a hetro-architecture based on (multi-head) attention
All neighbors are attended (labels mixed)

The computation of the keys, queries, and values uses label-specific parameters
Utilizes meta-paths similarly to HAN
e But no second layer of attention over the meta-paths

Implementation includes a utilization of the attention mechanism to learn useful
meta-paths
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HGT Architecture [Hu et al., 2020]

Directed MPNNs
Heterogeneous MPNNs
Specific Heterogeneous Architectures

N
HED[E] — Residual Connection ~ =3 x L HGT
Nod bj i \-f/ EJ Layers
ode type: 1) Heterogeneous Mutual Attention
o o) ww s O
ey = (s1,t) HO[
Edge type: altl T
e —
e — K-Lineary(s,) Edge
€= (s2,t) HV[5,]|O al
Edge type: 8
b(ez) b K[s;] — HO
7(s1)
Node type: - el Wi, Moty ee) Predict | | Loss
7(s3) HUV[s;]
:Add
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HGT Architecture [Hu et al., 2020]
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Learning Challenges in GNNs

@ The usual deep-learning challenges of gradient-based learning still hold,
specifically vanishing/exploding gradients
@ There are also graph-specific challenges
@ Over-smoothing: Node embeddings become too similar as layers are stacked
o Common remedies: skip connections, normalization

@ Over-squashing: Information from distant nodes is compressed into fixed-size
embeddings, so long-distance impacts are diminished

e Long-distance impacts are “squashed” through the layers
o Common remedies: graph rewiring (shortcuts), attention mechanisms
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lllustration of Over-Smoothing [Keriven, 2022]

More MP steps
CORA ) Error

) o025 0025 w200
. 5 oo L 2 oo - 21
o - 10° 10t 107
o o l Citeseer % Order of smoothing
B—
oo 0o = .
w
"
% 000 5 000 3 000 s 9]
2 - % % b 4 =
w0
o
o
—0.04 0,03 —0.02 —0.01 000 001 002 003 004 005 10° 100 . 10%
X0 Order of smoothing
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lllustration of Over-Squashing [Alon and Yahav, 2021]

l
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Comparing the Anomalies

@ Both over-smoothing and over-squashing arise from the practice of passing
messages through multiple layers

@ Yet, in a sense, they tackle opposite issues

e Consider two nodes v; and v, with opposite (real) classes

e The ¢-hop neighborhoods may, in general, look very similar, even through their
immediate (e.g., 1-hop) neighborhoods are different; these differences might be
diminished by incorporating the farther layers

o Which issue is that?
e On the other hand, they may look similar in their immediate neighborhood, but have

good signals farther away; alas, these distinctions are hardly noticed among many
many other items in the bigger neighborhood

o Which issue is that?
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in Learning Benchmarks

Name Domain ke Tables | Dataset | # Tables | # Columns [ # Rows
#Tables #Rows  #Cols AVS 3 24 349,967,371
rel-amazon E-commerce 7 3 15000713 15 Outbrain (OB) 8 31 2,170,441,217
rel-avito E-commerce 4 8 20,679,117 42 Diginetica (DN) 5 28 3,672,396
rel-event Social 3 5 41,328,337 128 RetailRocket (RR) 3 11 23,033,676
rel-fl Sports 3 9 74,063 67
rel-hm E-commerce 3 3 16,664,809 37 Amazon (AB) 3 15 24,291,489
rel-stack Social 5 7 4,247,264 52 StackExchange (SE) 7 49 5,399,818
rel-trial  Medical 5 15 5,434,924 140 MAG 5 3 21,847,396
Total 30 51 103466370 489 Seznam (SZ) 4 14 2,681,983

RelBench Benchmark [Robinson et al., 2024]

StructML Course
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Batch Learning of GNNs?

@ Common situation of node classification: we wish to train a GNN based on a
single large graph G and aset T = {(v1,)1),...,(Vm, Ym)} of examples
e Each v; is a node of G ; each y; is a label
e Equivalently, we have one big database, and labels over one of its tables
@ In principle, we can learn the weights of a GNN by running vanilla GD on (T, G)
by processing the entire loss function L( T, G) in every step
@ However, the processed formula may be too big (to fit the GPU), and we wish to
adopt SGD or mini-batch SGD, as is conventional in DNN training

@ But, unlike tabular learning, even a batch computation may reach a large portion
of the graph!

e Or even the entire graph!
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Mini-Batch How?

How can we control the size of a batch?

T = {(Vl,yl), ceey (me}/m)}

For each batch B C T (or even a single node v;), the formula involves each
node's (-hop neighborhood, which may again be too large

As an alternative, we can sample a random subgraph of G; but then we will
obtain useless batches
o We will likely get disconnected fragments that do not allow the GNN to activate

Instead, we employ GNN-aware sampling techniques in order to produce batches B
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3 Sampling Strategies: Node, Layer, Graph

e
(a) Node-wise. (b) Layer-wise.
Sampling
0 | o
GNN

(c) Graph-wise.

[Wu et al., 2022]
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Node-Wise Sampling

o General idea:
o Select a batch B C T of target nodes for the upper layer
e For each node v;, sample independently a small set of neighbors for the lower layer
e Continue doing so for the new sampled nodes, going down the layers
e Prominent example: SAGE [Hamilton et al., 2017]
e Simple sampling of a fixed number of neighbors per layer:

@ Starting with a batch B, define B, := B

@ Define B;—1 := By; add to By—1 a fixed number of random neighbors for each v; € B,
© Continue that for k=¢—-2,...,0

@ Each layer hy is trained on Bk, with neighbors restricted to those selected for Bx—_;

e Follow-up work developed more sophisticated sampling to maximize the size-utility
tradeoff (e.g., VR-GCN [Chen et al., 2018b] applies variation reduction)

StructML Course Module 5: Message-Passing Graph Neural Networks 77/98



Learning Anomalies
Sub-Sampling and Mini-Batching

Pragmatic Aspects of GNNs Scaling Link Prediction
- Full Sage Algorithm (Forward Phase)
1 BK « B;
2 fork=K..1do

3 Bk-1 Bk,

4 for v € B* do

5 | BEL+ BF=1UN(u);
6 end
7
8
9

end
hd « x,, Vv e B®;
for k = 1...K do
10 for u € B* do
1 b,y < AGGREGATE({h% ", Vu' € Ni(u)});
12 hf o (W’c - concaT(hk—1, hﬁ,(u)));
13 hf < hf/[hg2;
14 end
15 end

16 z, + hE vueB
[Hamilton et al., 2017]
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1 B « B;
for k = K...1do
BF-1 Bk,
for u € B do
| BF1« BF1U Nj(u);
end
end
h® « x,,Yve BY;
for k = 1...K do
for u € B do
h}; () ¢ AGGREGATE ({h

2 Graph sampling
3 for the batch
4
5
6

k—1
u' )

Vu' € Ni(u)});

12 hf < o (W* . concar(hf™', hj ) );
k k k|-
B hu — hu/”hu||2’ —

14 end Considering only
15 end the layer’s neighbors
normalization

16 Zu<—hff,Vu€B

[Hamilton et al., 2017]
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In the experiments, used sampled
graphs of 500 or fewer nodes

Studied MPNNs with 4
aggregation functions: mean,
max, LSTM (which is not
permutation equivariant), and
convolution (GCNConv)
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Citation Reddit PPI
Name Unsup. F1  Sup. F1 ~ Unsup. F1 ~ Sup. F1 ~ Unsup. F1 ~ Sup. F1
Random 0.206 0.206 0.043 0.042 0.396 0.396
Raw features 0.575 0.575 0.585 0.585 0.422 0.422
DeepWalk 0.565 0.565 0.324 0.324 — —
DeepWalk + features 0.701 0.701 0.691 0.691 — —
GraphSAGE-GCN 0.742 0.772 0.908 0.930 0.465 0.500
GraphSAGE-mean 0.778 0.820 0.897 0.950 0.486 0.598
GraphSAGE-LSTM 0.788 0.832 0.907 0.954 0.482 0.612
GraphSAGE-pool 0.798 0.839 0.892 0.948 0.502 0.600
% gain over feat. 39% 46% 55% 63% 19% 45%
A 0.83 » ] %08
v o103 'I- Training (per batch)
2 =3 Inf (full test set)
é 102 nrerence (Tu est sel E i {004
g 10'f e
o 10°f S o079 H0.02
£ . —— Micro F1
= 10 — — Runtime
102 0.77 2‘5 = 750.00
N eal 00\ WM o
° fecaaic-ay 6‘5‘\’5 Neighborhood sample size

[Hamilton et al., 2017]
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Layer-Wise Sampling

@ General idea:

o Like node-wise, we start at the uppermost layer and sample the lower layer iteratively
e However, in layer-wise sampling, we sample the full set of nodes of the next layer
from a distribution that accounts for all nodes of the upper layer

@ In other words, instead of sampling neighbors from individual nodes, we sample a full
layer from a full layer
@ Prominent examples (on GCNs):

o FastGCN [Chen et al., 2018a]: samples each layer independently, based on a
precomputed node distribution

o Applicable to dense graphs
o AS-GCN (adaptive sampling) [Huang et al., 2018]: samples from the layer k by
estimating the joint probability of each node based on the full previous layer
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Graph-Wise Sampling

l

@ General idea:

e A batch is a random subgraph G; of G
o The GNN (forward/backward) is applied too the full G;

@ Prominent examples:
o Cluster-GCN: [Chiang et al., 2019]
@ Motivation: we want the training to miss as few connections as possible
o Uses a graph clustering algorithm® to construct a collection {Gi, ..., G,} of clusters
e 2 versions: vanilla version: every sample is a random G; ; stochastic multiple
partitions: every sample is a union of multiple G;s (to account for cross-sample edges)

o GraphSAINT [Zeng et al., 2020]

o Presents and analyzes 3 subgraph-sampling techniques: (1) random nodes, (2)
random edges, (3) random walks ; use normalization to account for subgraph bias
e Each node/edge/walk is sampled independently from a pre-computed distribution

METIS clustering in their implementation
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from the Cluster-GCN Paper

0.90 1
0.85 - S e
0.9
0.80
0.75 —s— Cluster-GCN 0.8 / —s— Cluster-GCN —+— Cluster-GCN
= VRGCN s +~ VRGCN +- VRGCN
0.70 --»— GraphSAGE 0.7 ! --=-- GraphSAGE --»-- GraphSAGE
0.65
d 0.6
0.60| !
0 5 30 05 0 20 30 50 6 80 100
(b) PPI (3 layers) (c) PPI (4 layers)
0.97 0.97 0.97
0.96 0.96
0.96
0.95 0.95
0.95 0.94 —+— Cluster-GCN 0.94 —+— Cluster-GCN
VRGCN +- VRGCN
0.94 0.93 --=-- GraphSAGE 0.93 s~ GraphSAGE
Cluster-GCN 0.92 0.92
0.93 VRGCN
/-~ GraphSAGE 081 o 054 z
o 5 10 15 20 25 30 L 10 20 30 40 50 o 20 40 60 80 100
() Reddit (2 layers) () Reddit (3 layers) (f) Reddit (4 layers)

[Chiang et al., 2019] Fl-score (y-axis) vs. training time (x-axis). PPl is a
protein-protein interaction dataset ; Reddit is a social-network (news) dataset
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Graph Sampling Training from the GraphSAINT Paper

l

Algorithm 1 GraphSAINT training algorithm

Input: Training graph G (V, £, X); Labels Y'; Sampler SAMPLE;

Output: GCN model with trained weights
1: Pre-processing: Setup SAMPLE parameters; Compute normalization coefficients v, \.
2: for each minibatch do
3: Gs (Vs, &) + Sampled sub-graph of G according to SAMPLE

4 GCN construction on Gj.

5: {y, | v € Vs} + Forward propagation of {x,, | v € V,}, normalized by «
6: Backward propagation from A-normalized loss L (y,, Y, ). Update weights.
7: end for

[Zeng et al., 2020]
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Experiments from the GraphSAINT Paper

Validation F1-micro
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[Zeng et al., 2020]
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Scalability Problem with ML-Based Link Prediction

@ Consider the task of link prediction:

o We have sets U and P of nodes (e.g., Users and Products)
e We wish to classify which u € U is going to be associated with which p € P

@ For example, user u will purchase product p, user u will watch movie p, user u will
follow user p, etc.

@ We can treat this task as an ordinary classification task, where we train a GNN to
map triples (G, u, p) into a probability
o E.g., Softmax(MLP(GNN(G, u, v)))
@ At evaluation time (e.g., recommendation), we apply the learned model to U x P
@ However, a common scenario is that only few (best) links are expected
@ How many pairs do we need to check?

e AmazonBooks: 52,643 users x 91,599 books = 4,822,046,157 pairs
e MovieLens 25M Dataset: 62,000 movies x 162,000 users = 10,044,000,000 pairs
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So? What do we do?

Two common techniques for overcoming the scale:
@ Blocking: Use a heuristic to cluster U and P into small blocks so that
cross-cluster links are unlikely
o Then, apply the model to every pair in each cluster: »".(|U;i| - |P;i|) instead of |U|-|P|
@ Two-tower recommendation: uses a model that consists of two phases (“towers”)
@ First, encode every u and p in a shared space RY (e.g., using a GNN)
@ Second, compute a similarity score between Enc(u) and Enc(p), which is typically
the dot product of the two, and use that as the link probability
e How does it help?
@ Now, at evaluation time, we can compute the encoding of each node, and apply
efficient vector clustering/search to find nearby u € U for each p € P
e E.g., FAISS (Facebook Al Similarity Search)
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[llustration of a Two-Tower Recommendation

Similarity Seore
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Source: Medium

https://medium.com/tech-p7s1/video-recommendations-at-joyn-two-tower-or-not-to-tower-that-was-never-a-question-6c6f182ade7c
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Key Takeaways from Module 5

@ MPNNs compute node embeddings by repeatedly aggregating messages from
neighbors

@ 1-WL provides an intuition on what can be expressed by MPNNs

@ Heterogeneous MPNNs extend the homogeneous ones by using label-dependent
functions (coefficients) and deploying meta-paths

@ Graphs present unique challenges to deep learning: over-smoothing,
over-squashing, mini-batching
@ Mini-batches are commonly based on graph traversals and graph clustering

@ Link-prediction is effectively done by applying a two-tower approach: applying a
pairwise similarity layer on top of individual embeddings
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