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Dimensionality Reduction
Embeddings part I

All code for this tutorial is available in:
https://github.com/shunita/structML/tree/main/Tutorial4v2

https://github.com/shunita/structML/tree/main/Tutorial4v2
https://github.com/shunita/structML/tree/main/Tutorial4v2
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Embedding - Motivation
Aim: Translate DB data into numerical data

ID Age BMI Smoking Diabetes

1 23 25 current 0

2 67 31 former 1

3 50 29 never 0

ID Name

1 Bob

2 Alice ?

Relational DB

ML model

Categorical

Meaningless

ℝ𝑘

This is a Geometric Euclidian Space. 
Does it matter how samples are distributed in it?

Graph representation

?
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Embedding - Motivation

Arbitrary Encoding Meaningful Embedding

 Setting a meaningful embedding eases the model’s ability to learn (approximate a function)
 Similar/connected tuples should have close embeddings
 Use unlabeled data to train embeddings – why?
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Agenda

▪ Encoder-Decoder Framework (reminder)

▪ Truncated SVD - closed form solution (reminder)

▪ Different Encoder-Decoder instantiations:

oGraph factorization

oLaplacian Eigenmaps

oFeature distance
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Reminder: Embeddings via Encoder-Decoder Framework
• Tuple-level graph representation 

of the database

• Assumption: No features / Labels
(homogenous)

• Fixed Embedding Dimension → 𝑘

→ Proximity Function 
𝒫: 𝑉 × 𝑉 → ℝ

→ Decoder Function
𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure
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SVD as a closed form solution

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯

→ Proximity Function 
𝒫: 𝑉 × 𝑉 → ℝ

→ Decoder Function
𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure

𝒟 𝑧𝑢, 𝑧𝑣 = 𝑧𝑢 ⋅ 𝑧𝑣 (dot product)
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Dot Product Decoder - intuition

       ⇒ Why does dot product measure “closeness” ?

Suppose 𝑧𝑣 = 1 for all 𝑣 ∈ 𝑉
⇒ The closer the vectors – the higher the measure

𝒟 𝐳𝐮, 𝐳𝐯 = 𝐳𝐮 ⋅ 𝐳𝐯

cosine similarity

cos θ  = 
𝑧𝑢 ⋅ 𝑧𝑣

|𝑧𝑢||𝑧𝑣|

𝜃 = 0∘ ⇒ 𝒟 𝐳𝐮, 𝐳𝐯 = 1
𝜃 = 90∘ ⇒ 𝒟 𝐳𝐮, 𝐳𝐯 = 0

𝜃 = 180∘ ⇒ 𝒟 𝐳𝐮, 𝐳𝐯 = −1
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SVD as a closed form solution

• We want 𝑍 where: 𝒫 ≈ 𝑍𝑇 ⋅ 𝑍

• SVD will help us find an optimal 𝑍
• Without training!

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯

→ Proximity Function 
𝒫: 𝑉 × 𝑉 → ℝ

→ Decoder Function
𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ
Loss≈ 𝑥, 𝑦 = 𝑥 − 𝑦 2

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure

𝒟 𝑧𝑢, 𝑧𝑣 = 𝑧𝑢 ⋅ 𝑧𝑣

→ Proximity matrix 
𝒫 ∈ ℝ 𝑉 × 𝑉

cost 𝐙 ≔ ԡ𝑍𝑇 ⋅ 𝑍 − 𝒫ԡ2 (Frobenius Norm)

(dot product)
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Reminder: Singular Value Decomposition (SVD)
Eckart-Young-Mirsky theorem: 

Truncated SVD yields the optimal 
rank-k approximation of A.

When A is symmetric (like 𝒫),
𝑈 = 𝑊

𝑍 ⋅ 𝑍𝑇 = 𝒫 = 𝑈𝑘Σ𝑘𝑈𝑘

So the optimal embedding is:
𝑍 = 𝑈𝑘 Σ𝑘

𝑊𝑇Σ𝑈𝐴

𝑛 × 𝑚 𝑛 × 𝑛
𝑚 × 𝑚

𝑛 × 𝑚
diagonal

𝐴′ 𝑈𝑘 Σk 𝑊𝑘
𝑇

𝑛 × 𝑚 𝑛 × 𝑘
𝑘 × 𝑘 𝑘 × 𝑚
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Agenda

▪ Encoder-Decoder Framework (reminder)

▪ Truncated SVD - closed form solution (reminder)

▪ Different Encoder-Decoder instantiations:

oGraph factorization

oLaplacian Eigenmaps

oFeature distance
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Graph Factorization

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯

→ Decoder Function
𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ
Loss≈ 𝑥, 𝑦 = 𝑥 − 𝑦 2

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure

𝒟 𝑧𝑢, 𝑧𝑣 = 𝑧𝑢 ⋅ 𝑧𝑣

→ Proximity matrix 
𝒫 ∈ ℝ 𝑉 × 𝑉

cost 𝐙 ≔ ԡ𝑍𝑇 ⋅ 𝑍 − 𝒫ԡ2 (Frobenius Norm)

(dot product)

𝒫𝑢,𝑣 = 𝐴𝑢,𝑣 = ቊ
1 𝑢, 𝑣 ∈ 𝐸
0 otherwise

Caveat: only captures first-order -
1-hop neighbors. 
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Code Example: Graph Factorization

cID Name Interests

0 John Tech

6 Paul Music

4 George Tech

…

customers

cID1 cID2

0 1

0 2

6 9

… ..

customer chats

Build a graph representation of the database:

G = nx.Graph()
G.add_nodes_from(…)
G.add_edges_from(…)
A = nx.adjacency_matrix(G, nodelist=sorted(G.nodes())).toarray()

Populating the 
graph – see 

previous tutorial
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Code Example: Graph Factorization

cID Name Interests

0 John Tech

6 Paul Music

4 George Tech

…

customers

cID1 cID2

0 1

0 2

6 9

… ..

customer chats

Perform truncated SVD with embedding dimension k

from sklearn.decomposition import TruncatedSVD
k = 4  # Target embedding dimension
svd = TruncatedSVD(n_components=k, random_state=42)
U_k = svd.fit_transform(A)
Sigma_k = svd.singular_values_
Z = U_k * np.sqrt(Sigma_k)

U shape: (10, 4)
Sigma shape: (4,)
Z shape: (10, 4)

Sanity check – what should be the output shapes?

𝑍 = 𝑈𝑘 Σ𝑘
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Code Example: Direct SVD on Adjacency Matrix
Visualize using t-sne: (reduction to 2 dimensions)Visualize the original graph:

Preserves global graph structure: separation of highly connected components
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Agenda

▪ Encoder-Decoder Framework (reminder)

▪ Truncated SVD - closed form solution (reminder)

▪ Different Encoder-Decoder instantiations:

oGraph Factorization

oLaplacian Eigenmaps

oFeature distance
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Laplacian Eigenmaps

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯
→ Decoder Function

𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ
Loss≈ 𝑥, 𝑦 = 𝑥 ⋅ 𝑦

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure

𝒟 𝑧𝑢, 𝑧𝑣 = 𝑧𝑢 − 𝑧𝑣
2

→ Proximity matrix 
𝒫 ∈ ℝ 𝑉 × 𝑉

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

𝒫𝑢,𝑣 𝑧𝑢 − 𝑧𝑣
2

(Euclidean distance)

𝒫𝑢,𝑣 = 𝐴𝑢,𝑣 = ቊ
1 𝑢, 𝑣 ∈ 𝐸
0 otherwise

Preserves local neighborhoods: 
u,v contribute to the loss only if 
they are connected.
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Code Example: Laplacian Eigenmaps

cID Name Interests

0 John Tech

6 Paul Music

4 George Tech

…

customers

cID1 cID2

0 1

0 2

6 9

… ..

customer chats

from sklearn.manifold import SpectralEmbedding
laplacian_embedding = SpectralEmbedding(
    n_components=k, affinity='precomputed', random_state=42)
Z_laplacian = laplacian_embedding.fit_transform(A)

print("Shape of the derived Laplacian Embedding matrix Z:",
     Z_laplacian.shape)

Compute Laplacian eigenmaps embedding Meaning: A is 
already the 

proximity matrix
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Code example: Laplacian Eigenmaps
Visualize using t-sne: (reduction to 2 dimensions)Visualize the original graph:

Laplacian eigenmaps preserve local neighborhoods!
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Graph Factorization vs. Laplacian Eigenmaps

Property Graph Factorization Laplacian Eigenmaps

Decoder + Loss 
(optimization target)

Dot product + Frobenius norm
𝑍 ⋅ 𝑍𝑇 − 𝒫 2

Euclidean dist. + localized neighborhood loss
𝒫𝑢,𝑣 𝑧𝑢 − 𝑧𝑣

2

Meaning of 𝒫𝑢,𝑣 = 0
Unconnected: A strong signal to 
force a low dot product 𝑧𝑢 ⋅ 𝑧𝑣.

Ignored: No connection = no penalty 
𝑧𝑢 − 𝑧𝑣

2 doesn't matter.

Meaning of 
optimization target

Try to reconstruct the entire 
proximity matrix

Try to preserve local (proximity) neighborhoods



05/26/2026 20StructML Course05/26/2026 20StructML Course

Agenda

▪ Encoder-Decoder Framework (reminder)

▪ Truncated SVD - closed form solution (reminder)

▪ Different Encoder-Decoder instantiations:

oAdjacency matrix – direct truncated SVD

oLaplacian Eigenmaps

oFeature similarity (kernel PCA)
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Kernel PCA: Truncated SVD with Feature Similarity

cost 𝐙 ≔ ෍

𝑢,𝑣∈𝑉

Loss≈ 𝒫 𝑢, 𝑣 , 𝒟 𝐳𝐮, 𝐳𝐯 → Decoder Function
𝒟: ℝk × ℝk → ℝ

Loss Function ←
Loss≈: ℝ × ℝ → ℝ
Loss≈ 𝑥, 𝑦 = 𝑥 − 𝑦 2

Input: graph → 𝐺 = 𝑉, 𝐸  𝑛 ≔ |𝑉|

→ a learnable map: 𝑍 ∈ ℝ𝑛×k

Embedding 
similarity 
measure

𝒟 𝑧𝑢, 𝑧𝑣 = 𝑧𝑢 ⋅ 𝑧𝑣

→ Proximity matrix 
𝒫 ∈ ℝ 𝑉 × 𝑉

cost 𝐙 ≔ ԡ𝑍𝑇 ⋅ 𝑍 − 𝒫ԡ2 (Frobenius Norm) (dot product)

𝒫𝑖,𝑗 = 𝑒
−

𝑥𝑖−𝑥𝑗
2

𝜎2

Tuple

RBF kernel over 
distance between 

feature vectors

→ Consider the table 𝑅 𝐴1, … , 𝐴𝑚  as a 
matrix 𝑋 ∈ ℝ𝑛×𝑚

→ What will Truncated SVD optimize?
Large similarity 𝑧𝑖 ⋅ 𝑧𝑗  for tuples with similar 
features, otherwise – large distance.

→ Caveat: must encode all required 
features to numeric.
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Code Example: Kernel PCA

cID Name Interests Total 
spent ($)

Days 
active

Support 
tickets

0 John Tech 1200 730 1

6 Paul Music 150 30 0

4 George Tech 500 200 12

…

Customers + numeric features

Construct a feature matrix

feature_cols = ['total_spend_usd', 'days_active', 'support_tickets']
X = customers_df[feature_cols].values
print(X)

Q: What could be the problem with this matrix?

A: Very different feature ranges may cause 
some features to dominate the proximity!
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Code Example: Kernel PCA
Customers + numeric features

Construct a feature matrix and scale it

feature_cols = ['total_spend_usd', 'days_active', 'support_tickets']
X = customers_df[feature_cols].values

from sklearn.preprocessing import StandardScaler
scaler = StandardScaler()
X_scaled = scaler.fit_transform(X)
print(X_scaled)

Z-score 
normalization:

𝑥 − 𝜇

𝜎
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Code Example: Kernel PCA
Customers + numeric features

Compute Kernel-PCA

from sklearn.decomposition import KernelPCA

computed_gamma = 1.0 / (X_scaled.shape[1] * X_scaled.var())
k_pca = KernelPCA(n_components=k, kernel='rbf’,
                 gamma=computed_gamma, random_state=42)
Z_pca = k_pca.fit_transform(X_scaled)

𝒫𝑖,𝑗 = 𝑒
−

𝑥𝑖−𝑥𝑗
2

𝜎2

𝛾 =
1

𝜎2 , 𝒫𝑖,𝑗 = 𝑒−𝛾 𝑥𝑖−𝑥𝑗
2
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Code Example: SVD the on feature matrix

Customers + numeric features
Visualize using t-sne:

cID Name Interests Total 
spent ($)

Days
active

Support 
tickets

Customer 
Type

0 John Tech 1200 730 1 Loyal

6 Paul Music 150 30 0 New

4 George Tech 500 200 12 High-
support

…

Not shown to 
the embedding 
model
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Summary – Dimensionality Reduction over DBs
Property Kernel PCA Graph Factorization Laplacian Eigenmaps

Input matrix Feature matrix Adjacency matrix Adjacency matrix

Proximity (u,v)

RBF kernel over Euclidean 
distance of feature vectors: 

𝒫𝑢,𝑣 = 𝑒
−

𝑥𝑢−𝑥𝑣
2

𝜎2

𝒫𝑢,𝑣 = 𝐴𝑢,𝑣 𝒫𝑢,𝑣 = 𝐴𝑢,𝑣

Decoder + Loss 
(optimization 
target)

Dot product + Frobenius 
norm

𝑍 ⋅ 𝑍𝑇 − 𝒫𝑢𝑣 2

Dot product + Frobenius 
norm

𝑍 ⋅ 𝑍𝑇 − 𝒫𝑢𝑣 2

Euclidean distance + 
localized neighborhood loss

𝐴𝑢,𝑣 𝑧𝑢 − 𝑧𝑣
2

Meaning of
𝒫𝑢,𝑣 = 0

Unsimilar: A strong signal to 
force a low dot product
𝑧𝑢 ⋅ 𝑧𝑣.

Unconnected: A strong 
signal to force a low dot 
product 𝑧𝑢 ⋅ 𝑧𝑣.

Ignored: No connection = no 
penalty; 𝑧𝑢 − 𝑧𝑣

2 doesn't 
matter.

Meaning of 
optimization 
target

Try to preserve feature 
similarity in higher 
dimensional space

Try to reconstruct the 
entire proximity matrix

Try to preserve local 
(proximity) neighborhoods

Many other encoder-decoder instantiations exist – see lecture + next tutorial!
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