Embeddings part |

Dimensionality Reduction

All code for this tutorial is available in:
O https://github.com/shunita/structML/tree/main/Tutorial4v2



https://github.com/shunita/structML/tree/main/Tutorial4v2
https://github.com/shunita/structML/tree/main/Tutorial4v2

Aim: Translate DB data into numerical data

Relational DB
| ID_| Name
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2 Alice 1 current 0
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e sales Products Does it matter how samples are distributed in it?



Arbitrary Encoding Meaningful Embedding
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Setting a meaningful embedding eases the model’s ability to learn (approximate a function)
Similar/connected tuples should have close embeddings
Use unlabeled data to train embeddings — why?



=" Encoder-Decoder Framework (reminder)
" Truncated SVD - closed form solution (reminder)

= Different Encoder-Decoder instantiations:

o Graph factorization
o Laplacian Eigenmaps

o Feature distance



* Tuple-levelgraph representation Input: graph > G = (V,E) n:=|V|
of the database

« Assumption: No features / Labels - Proximity Function
(homogenous) similarity PV XV >R

measure

[ Encoder a learnable map: Z € R™K
v v

Loss Function ~  mmmunm
Lossc:RXR - R \/
[ Simple J
Decilder {Decoder Function J

* Fixed Embedding Dimension = k

cost(Z) == Z Loss~(P(w,v), D(zy, 2y)) D: Rk x RFK > R
UVEV Embedding
similarity

measure




Input: graph—> G = (V,E) n:=|V|

— Proximity Function

Graph PV XV >R
similarity
measure
. [ Encoder ] — alearnable map: Z € R™K
Loss Function «
osRRSR T e
cost(Z) = Z Loss~(P(u, v), D(zy, 2y)) [ Simple ]
ey Decoder — Decoder Function
D:RX x RK - R
Embedding -

similarity D(z,,27,) = 7, - 7, (dot product)
measure




2)(Zu: Zv) = Zy - Zy

y
(13 » f) 15 2
= Why does dot product measure “closeness”: 0 = 90" > Dz ) = 0
0=0°=D(zy2z,) =1
1.0 - w > D )
cosine similarity | A _==T /
Z, " Z ]
COS(G) — u v 0.5
|z |12y |
0.0 - X
Suppose |z,| = 1forallv eV -0s-
= The closer the vectors —the higher the measure
—1.0- ! | 8=180°= D(zy,z,) = -1
-1.5-
—]I..5 —]I..O —(|).5 0:0 0:5 110 1!5
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Input: graph—> G = (V,E) n:=|V|

— RroxJrRit nc — Proximity matrix
Graph PN/ x P € RIVIXIVI

similarity
measure
. [ Encoder ] — alearnable map: Z € R™K
Loss Function «
Loss.:RXR - R o 1111 INNEE
Loss~(x,y) = (x — y)?
cost(Z) := Z Loss. (:P(u, v),D(z,, zv)) [ Simple ]
wpey Decoder — Decoder Function
cost(Z) = ||ZT - Z — P||, (Frobenius Norm) v _ D:REx RK - R
Embedding D(z,,7,) = 2, - Z,, (dot product)
. WewantZ where: P ~ 27 - Z similarity
ewan ) measure

 SVD will help us find an optimal Z
*  Without training!



Eckart-Young-Mirsky theorem: Full SVvD
Truncated SVD yields the optimal A U 2z wt
rank-k approximation of A. m X m
nxm — nxXxn -
diagonal
When A is symmetric (like P), Truncated SVD
u=w , T
7 7T =P = U2, Uy 4 _[__(_]_’_‘ ______ | Zlf___, Wi
e |
) . . : ¥ | ] |
So the optimal embedding is: axm | = nxk || s R

Z = U [Zg B L kxk kxm
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=" Encoder-Decoder Framework (reminder)
" Truncated SVD - closed form solution (reminder)

= Different Encoder-Decoder instantiations:

o Graph factorization
o Laplacian Eigenmaps

o Feature distance



Caveat: only captures first-order - Input: graph—> G = (V,E) n:=|V|

1-hop neighbors.

— Proximity matrix
Graph

VIx|V|
similarity PeER
measure D= _ )1 (u,v) EE
wr YWY 10 otherwise
. [ Encoder ] — alearnable map: Z € R™K
Loss Function «
Loss.:RXR - R s 1111 INNEE
Loss~(x,y) = (x — y)?
cost(Z) = Z Loss~(P(u, v), D(zy, 2y)) [ Simple ]
vV Decoder — Decoder Function
cost(Z) == ||Z" - Z — P||, (Frobenius Norm) v D-REXRK 5 R
Embedding B
similarity D(z,,27,) = 7, - 7, (dot product)
measure




- Code Example: Graph Facto

Build a graph representation of the database: customers

nx.Graph() Populating the ciD | Name Interests

G.add_nodes_from(...) graph - see
G.add_edges_from(...) previous tutorial 0 John Tech
A = nx.adjacency_matrix(G, = (G.nodes())).toarray() 6 Paul Music

4 George Tech

customer chats

ciD1 ciD2
0 1
0 2
6 9
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- Code Example: Graph F

Perform truncated SVD with embedding dimension k

sklearn.decomposition TruncatedSVD

TruncatedSVD(

svd.fit _transform(A)
gma k = svd.singular values
= U k * np.sqrt(Sigma_k)

U shape: (10, 4)

Sigma shape: (4,)
Z shape: (10, 4)
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customers
ciD | Name Interests
0 John Tech
Paul Music
George Tech

customer chats

ciD1 ciD2
0 1
0 2
6 9




Visualize using t-sne: (reduction to 2 dimensions)

Original Graph Structure (Database Relations) SVD Space Projected via t-SNE
ID8
(Music)

ID 5
(Music)

ID &
(Music)

ID3
(Tech)

IDO
(Tzch)

ID7
(Music)

ID 9
(Music)

ID 1
(Tech)

ID 2
(Tech)

1000

Preserves global graph structure: separation of highly connected components
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=" Encoder-Decoder Framework (reminder)
" Truncated SVD - closed form solution (reminder)

= Different Encoder-Decoder instantiations:

o Graph Factorization
o Laplacian Eigenmaps

o Feature distance



Preserves local neighborhoods:
u,v contribute to the loss only if

they are connected.

cost(Z) :

cost(Z) :

05/26/2026

Input: graph—> G = (V,E) n:=|V|

— Proximity matrix

Graph VIx|v|
similarity PER
measure P —A = 1 (u,v) €€EE
wre Y0 otherwise
, [ Encoder — a learnable map: Z € R*¥K
Loss Function «
Loss.:RXR - R ~  anann ANEEN
Loss.(x,y) =x-y
2 Loss~(P(w,v), D(zy,2y)) [ Simple ]
vV Decoder — Decoder Function
z? i I D: RK x RK - R
u,vev S|m|lar|ty D(Zu' Zv) - ”Zu Z’U”
measure (Euclidean distance)




~ Code Example: Laplacian Eigen

Compute Laplacian eigenmaps embedding Meaning: A is

already the
proximity matrix

from sklearn.manifold import SpectralEmbedding
laplacian_embedding = SpectralEmbedding(

=k, = )
Z laplacian = laplacian_embedding.fit_transform(A)

(

Z laplacian.shape)
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customers
ciID | Name Interests
John Tech
Paul Music
George Tech

customer chats

ciD1 ciD2
0 1
0 2
6 9




Code example: Laplacian Eigenmaps

Visualize the original graph: Visualize using t-sne: (reduction to 2 dimensions)

Original Graph Structure (Database Relations) Laplacian Eigenmaps Node Embedding (Manifold Learning via L = D - W)

D7

iMusic) ID 9
{Music)

ID 8

{Music) ID 5

{Music)

ID 6
{Music)

ID 1
{Tech)

Laplacian eigenmaps preserve local neighborhoods!
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Property

Decoder + Loss
(optimization target)

Meaning of 7, ,, = 0

Meaning of
optimization target

05/26/2026

Graph Factorization

Dot product + Frobenius norm
\Z-Z" - Pl|;

Unconnected: A strong signal to
force a low dot product z,, - z,,.

Try to reconstruct the entire
proximity matrix

Laplacian Eigenmaps

Euclidean dist. + localized neighborhood loss
?u,v”Zu - Zv”2

Ignored: No connection = no penalty
|z, — z,||* doesn't matter.

Try to preserve local (proximity) neighborhoods



=" Encoder-Decoder Framework (reminder)
" Truncated SVD - closed form solution (reminder)

= Different Encoder-Decoder instantiations:

o Adjacency matrix — direct truncated SVD
o Laplacian Eigenmaps

o Feature similarity (kernel PCA)



— Consider the table R(44, ...,A,,) as a

Input: graph—> G = (V,E) n:=|V|
matrix X € R™*™

Tuple — Proximity matrix

— What will Truncated SVD optimize? \PRIPRIN P € RIVIXIVI
o e similarity > RBF kernel over
Large similarity z; - z; for tuples with similar easure _||xi—xj|| distance between
features, otherwise - large distance. SDL-J- =e o2 feature vectors
— Caveat: must encode all required [ e ] — a learnable map: Z € R™k

features to numeric.
Loss Function « = 1111 1111

| Loss«:RXR = R \/
UNCND Loss~(x,y) = (x = )7 [ Simple ]
cost(Z) := Z Loss~(P(w, v), D(zy, Zy)) Decoder — Decoder Function
wvey v D:R¥ x R¥ - R

— 17T . 7 — i '
cost(Z) = |[Z" - Z = P||, (Frobenius Norm) E:n':igf:'t;g D(zy,2z,) = z, - z,, (dotproduct)

measure ‘ UNCND




- Code Example: Kernel PC

Customers + numeric features

ciD Name Interests Total Days Support
spent ($) | active | tickets

0 John Tech 1200 730 1

6 Paul Music 150 30 0

4 George Tech 500 200 12

Construct a feature matrix

feature cols = [ 5

= customers_df[feature cols].values

(X)

Q: What could be the problem with this matrix?

A: Very different feature ranges may cause
some features to dominate the proximity!
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Code Example: Kernel PCA

Construct a feature matrix and scale it

feature cols = | s
= customers_df[feature cols].values

from sklearn.preprocessing import StandardScaler
scaler = StandardScaler()
X _scaled = scaler.fit_transform(X)

(X _scaled)
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Customers + numeric features

cl

Name

Interests

Total
spent ($)

Days
active

Support
tickets

o

John

Tech

1200

730

1

Paul

Music

150

30

0

George

Tech

500

200

12

Z-score
normalization:
X—Uu
o




- Code Example: Kernel PCA

Customers + numeric features

clD Name

Interests

Total
spent ($)

Days
active

Support
tickets

Compute Kernel-PCA 0 [

Tech

1200

730

1

6 Paul

Music

150

30

0

from sklearn.decomposition import KernelPCA

4 George

Tech

500

200

12

computed gamma = / (X _scaled.shape[1l] * X scaled.var())

k _pca = KernelPCA( =k, = 5
=computed_gamma, Pij=e
Z pca = k _pca.fit_transform(X_scaled) 1

2 )
_lxi=xjl]
o2
~¥llxi=x;|°
y=—g.h;=e Y y
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~ Code Example: SVD the on feature ma_

Visualize using t-sne:

Kernel PCA Embedding of Database Relation (RBF Kernel)

Customers + numeric features

(High-Support) s ciD Name Interests | Total Days Support | Customer
e T Suppart] spent ($) | active | tickets Type
0 John Tech 1200 730 1 Loyal
6 Paul Music 150 30 0 New
4 George | Tech 500 200 12 High-
support
Not shown to
02 the embedding
fLoyalist)
D1 model
ID 3 iLoyalist)
iLoyalist) ID O
{Loyalist)
—20 1]
Principal Component 1
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~Summary-D

Property Kernel PCA Graph Factorization Laplacian Eigenmaps

Input matrix Feature matrix Adjacency matrix Adjacency matrix

RBF kernel over Euclidean

distance of feature vectors: _ _
”x — ”2 :Puv Auv Puv Auv
u v
— 5 2

Proximity (u,v)

Decoder + Loss Dot product + Frobenius Dot product + Frobenius Euclidean distance +
(optimization norm norm localized neighborhood loss
target) |Z A — Puvllz |Z - ZT _?uvllz Au,v”Zu _Zvllz
Meanine of Unsimilar: A strong signal to ~ Unconnected: A strong Ignored: No connection = no
P g —0 force a low dot product signal to force a low dot penalty; ||z, — z,||* doesn't
wy Zy * Zp. product z,, - z,,. matter.

Meaning of Try to preserve feature

.. € . 'y. p L Try to reconstruct the Try to preserve local
optimization similarity in higher . - : . .

: . entire proximity matrix (proximity) neighborhoods

target dimensional space

Many other encoder-decoder instantiations exist — see lecture + next tutorial!
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